This paper investigates border-collision bifurcations in piecewise-linear planar maps that are non-invertible in one region. Maps of this type arise as normal forms for grazing-sliding bifurcations in three-dimensional Filippovtype systems. A possible strategy is presented for classifying fixed and period-2 points, that are involved in such bifurcations. This allows one to determine a region of parameter space where a bifurcation leading to chaos might occur. The main part of the paper contains a careful proof of the onset of attractors which are robust to small parameter changes. An intricate structure is revealed of the limiting set on which the attractor lives, consisting of distinct continuous line segments. As parameters are varied, the attractor on the segments can change from being chaotic to periodic. Also, the mechanism by which the number of line segments can change is uncovered.
Introduction
Investigations of non-standard bifurcations found in systems characterized by discontinuous nonlinearities often lead to normal form mappings that are piecewise-smooth (PWS) and continuous. For example, in the case of impacting systems, it was shown that a normal form map containing a square-root singularity captures the dynamics of an impact oscillator when it exhibits grazing bifurcations [1, 2] . In the case where the impacting system undergoes grazing bifurcations with an elastic obstacle, the normal form map yields discontinuity in higher derivatives [3] . Investigations of grazing bifurcations in systems with discontinuous vector fields, which for instance model switched electronic circuits [4] , and vibro-impacting machines [5] lead to normal form mappings which are PWS continuous [6] but not piecewiselinear (PWL) to the lowest order (they typically have square-root or order-which have been observed in dc-dc power converters [8] , do lead to normal form maps that are to leading order PWL continuous.
Therefore, it is of interest to furnish a classification strategy of different bifurcations which can be found in both PWS and PWL continuous maps. Border-collision bifurcations, describing an interaction of a fixed point of a locally PWL map with its discontinuity boundary, were investigated in [9] [10] [11] . One of the interesting features of border-collision bifurcations is the possibility of the sudden onset of chaotic behaviour. In [12] a classification of different border-collision bifurcations for two-dimensional PWL maps was discussed. This strategy allows one to express any two-dimensional PWL map in a canonical form which reduces the number of parameters and allows us to determine regions in four-dimensional parameter space where, for example, jumps from period-1 to period-n attractors or sudden onset of chaos can be expected due to the border-collision bifurcation.
In [13] a sudden onset of chaotic oscillations was observed in a dry-friction oscillator model. As this scenario is characteristic of border-collision bifurcations the authors tried to link the onset of chaotic stick-slip behaviour with border-collision bifurcations. However, as mentioned above border-collision bifurcations do not describe bifurcations in PWS flows unless the aforementioned corner-collision bifurcations take place in the system. This was not the case discussed in [13] as corner-collision bifurcations describe the interaction of a system trajectory with a discontinuity surface that is itself non-smooth. In the case of the dryfriction oscillator the discontinuity surface was a smooth plane. The link with border-collision bifurcations was provided in [14] , where the normal form mappings for sliding bifurcations were derived. These bifurcations are intrinsic to Filippov-type systems, that is to systems which feature discontinuous vector fields. The model studied in [13] is an example of a Filippovtype system due to the introduced dry-friction characteristics. It was also shown in [14] that the so-called grazing-sliding bifurcation scenario leads to a PWL normal form map. This provided a link for the conjecture made by the authors in [13] that sudden onset of chaos in their system was indeed due to border-collision bifurcations. In [15] it was rigorously shown that the sudden onset of chaotic motion observed in the aforementioned dry-friction oscillator is instigated by a grazing-sliding bifurcation. The onset of chaos was explained by showing that the normal form map which governs the system dynamics at the instant of grazing can be put in a PWL functional form.
However, one subtle point remained unsolved. The PWL linear normal form arising due to the grazing-sliding bifurcation scenario is non-invertible in one of its regions of definition. The non-invertibility can be understood heuristically from the fact that sliding motion is not reversible. This translates into the non-invertibility of the map describing the grazing-sliding bifurcation scenario.
The existing classification strategies for border-collision bifurcations were focused mainly on cases where the PWL map is invertible on both sides of the discontinuity set. Important investigations of the dynamics of such maps were presented in [16, 17] , where, for example, the existence of chaos was shown to have been linked with the existence of two saddle fixed points.
Here we should note the fact that we can use the classification strategy for border-collisions in n-dimensional PWS maps introduced by Feigin and presented in [18] to determine some of the possible bifurcation scenarios even if the PWL map is non-invertible in one of its regions. The only requirement for this strategy to be applicable is that none of the eigenvalues of the matrices of a PWL map lie on the unit circle. However, this strategy is focused on classification of border-collisions that involve only fixed and period-2 points.
In [19] a classification of border-collisions in PWL planar maps with change of dimension was presented. The aforementioned work provides a detailed description of the possible border-collision bifurcation scenarios, conjecturing that some of them can lead to the birth of chaotic behaviour. The aim of this paper is to investigate further these transitions in order to provide a rigorous proof for the existence of chaotic attractors and gaining an analytical insight into their intricate topological structure. In particular, the mechanism leading to the sudden onset of chaotic behaviour accompanied by a border-collision bifurcation from a fixed point attractor to a saddle is treated here.
We believe that this type of border-collision is one of the important mechanisms leading to the onset of chaos and can be observed in many different Filippov-type systems in relevance to applications. For example, our analysis confirms rigorously that the onset of stick-slip vibrations explained in [15] as due to the grazing-sliding bifurcations is justly classified as chaotic.
To stress the differences and importance of this work we briefly summarize the main results of the classification strategies presented in [12, 19] .
(1) The authors of [12] consider the case where the determinants of the PWL normal form on both sides of the bifurcation boundary are less then unity, i.e. |δ A | < 1 and |δ B | < 1. (2) Suppose the fixed points associated with the PWL invertible map are purely real and are of saddle type. Then the corresponding eigenvectors, which form the invariant sets of the map that is its stable and unstable manifolds, exhibit non-differentiable folds (corners). The stable manifold folds at every intersection with the y-axis and every preimage of the fold point is a fold, whereas the unstable manifolds fold at every intersection with the x-axis and the image of every fold point is a fold.
In particular, chaotic behaviour, which was proven to exist in PWL invertible planar maps due to the border-collision bifurcations, arises due to a homoclinic intersection of unstable and stable manifolds of a saddle fixed point. An occurrence of such an intersection is no longer obvious if the map is non-invertible in one of its regions, as we are no longer able to define stable and unstable manifolds as in [12] . However, in [19] it was implicitly assumed that for PWL non-invertible maps of type (1) one might also use the same argument to prove the onset of chaos due to border-collisions. Thus, some of the conclusions presented in [19] (in particular, see section 6 of the aforementioned paper) are not justified. Moreover, no proofs for border-collision bifurcations leading to the onset of chaos in map (1) have been shown in [19] . The structure of this paper is outlined as follows. In section 2 we define normal form maps for grazing-sliding bifurcations in three-dimensional Filippov-type systems and bordercollision bifurcations. In section 3 we consider a classification of some of the simplest possible border-collision bifurcations involving fixed and period-2 points of the normal form. In particular, we consider border-collision bifurcation scenarios that play a key role in organizing the onset of chaos. The proofs and conditions for the sudden onset of chaos due to the bordercollision bifurcations from a fixed point attractor to a saddle are presented in section 4. The intricate structure of the limiting set of the chaotic attractor is also discussed. In section 5 we show results of numerical investigations confirming the different structure of a predicted chaotic attractor born in the border-collision bifurcations. Finally, in section 6, conclusions are drawn.
Normal forms for two-dimensional non-invertible maps
Following [14] we can obtain a normal form map for grazing-sliding bifurcations. Sliding motion introduces loss of the system dimension which gives rise to a normal form map that on one side of the discontinuity boundary has corank-1. To obtain the simplest possible form of the map we can apply a coordinate transformation, in exactly the same way as in [12] . Thus, the normal form map, which can be regarded as a canonical expression for grazing-sliding bifurcations in three-dimensional Filippov-type flows, can be written as
Remark. Coefficients τ A , τ B and δ A , which are the traces and determinant of (1) on either side of the discontinuity, are invariant under the coordinate transformation. Thus, it is enough to calculate these quantities for the original map and then apply the classification we present in this paper to determine the type of border-collision which is to be observed under the variation of the bifurcation parameter µ.
We can define regions where (1) is smooth as
and the boundary between them as
We will additionally introduce two submappings, say L , R :
where
Obviously, L : R L → R L ∪R R and is smooth and invertible while R : R L → {x ∈ R, y = 0} is smooth but non-invertible. In what follows we will make a distinction between admissible fixed points and virtual fixed points of map (1) . We define admissible fixed points as fixed points of L and R that lie in the domain of definition of these two submappings. Following [12] , we define virtual fixed points as fixed points of L and R but existing outside the corresponding domain of definition. That is, the admissible fixed point of L lies in R L and of R in R R . In contrast, the virtual fixed point of L belongs to R R and of R to R L .
Using notation similar to the one introduced by Feigin in [20] , let us denote admissible fixed points of L and R by the letters A, a and B, b, respectively, i.e.
A, a
The virtual fixed points of L are denoted byĀ,ā and of R byB,b. By definition, µ/(1 − τ A + δ A ) > 0 for a virtual fixed point of L and µ/(1 − τ B ) 0 for a virtual fixed point of R . If it is not specified by our notation, a fixed point of (1) refers to both virtual and admissible fixed points.
In the notation above the capital letters refer to the stable fixed points and lower case to unstable ones. Note that the fixed point of (6) needs to lie on the x-axis since every point which belongs to R R is mapped onto the x-axis.
The corresponding eigenvalues of A, a,Ā,ā can be written as
and of B, b,B,b as
Now, we are ready to define a border-collision bifurcation. 
for µ = 0 belongs to the boundary , (3) for 0 < µ < ε belongs to R R .
Then, we say that the fixed point of (1) undergoes a border-collision bifurcation and the fixed point is called the border-crossing fixed point.
Remark. Suppose A is a stable admissible border-crossing fixed point of L which undergoes a border-collision. It follows from the definition above that under the variation of µ this fixed point will move to another region: thus it will become a virtual fixed point of L .
Before carrying out our investigations we briefly outline the main results of Feigin's classification technique developed for border-collision bifurcations in n-dimensional PWS maps [18] . It is based on counting the number of eigenvalues of the PWL normal form (1) on both sides of the discontinuity boundary. Let σ is an even integer, we observe a transition from an admissible fixed point existing on one side of the discontinuity boundary to another admissible fixed point existing on the other side of the discontinuity boundary.
is an odd integer, we observe a collision of two admissible fixed points at the discontinuity boundary. Thus, in such a case we have two coexisting admissible fixed points, say for µ < 0, and no such fixed points for µ > 0 (there are only virtual fixed points for µ > 0).
R is an odd integer, a period-2 point is involved in the bifurcation.
Local bifurcations
We start our considerations by combining Feigin's classification strategy together with conditions on the existence of fixed points for different values of the parameters τ B , τ A and δ A on either side of the discontinuity boundary.
Existence of fixed points of period-1
Let us first introduce the conditions for the existence of an admissible fixed point A/a, B/b. Suppose that µ < 0: then A/a, B/b are fixed points of (1) if
Obviously for µ > 0, the conditions above imply that fixed points of (1) are virtual. If the inequality signs in (11), (12) are reversed, then we have the opposite situation, i.e. the admissible fixed points A/a, B/b exist for µ > 0 and are virtual for µ < 0. Note that the eigenvalues of (1) corresponding to a fixed point b/b or B/B must be purely real.
Existence of period-2 points
Suppose a period-2 point is involved in the border-collision bifurcation scenario. We will introduce conditions which determine the existence of such points. A period-2 orbit will have a periodic point on either side of the discontinuity set , i.e. in regions R L and R R . Period-2 and higher periodic orbits cannot lie in one region only, i.e. only in region R L or R R , since L and R are linear.
Assume,
∈ R L denote the two period-2 points of (1). Thus, we can write x * as
and x * * as
where M, N and C are as defined in section 2. We can substitute (14) for x * * into (13) and solve (13) for x * . Similarly, we can solve (14) for x * * . This results in the following expressions for x * and x * * :
After substituting matrices M, N and C into (15) and (16), we get the following periodic points x * and x * * :
Let us now determine conditions on δ A , τ A and τ B for the existence of period-2 points x * and x * * . Obviously, depending on whether we require the periodic point to exist for µ > 0 or for µ < 0, these conditions will differ. Our major interest is to determine whether period-2 points can be born or are destroyed in certain border-collision scenarios. As will be shown in the next section, we can use the above conditions on the existence of period-2 points together with Feigin's conditions to achieve this aim.
Smooth transition
Obviously, the actual fixed points of (1) are the admissible fixed points. Thus, we will describe transitions between admissible fixed points only. However, as will be shown later, the virtual fixed points can play an important role in organizing more complex dynamics of (1).
We will now focus on the parameter region where a smooth transition from a fixed point, say a/A, to another fixed point, say b/B, under the variation of the bifurcation parameter µ through 0 is observed. As can be inferred from the conditions on the existence of fixed points (see equations (11) and (12)), there will be a symmetry in such a transition. In other words, suppose a transition A → B is observed when we increase the bifurcation parameter µ through 0 when some inequality relations on the parameter values τ A , τ B and δ A are satisfied. Then, B → A can also be observed for the parameter values satisfying the opposite inequality relations determining the bifurcation scenario. We shall consider only one of these two cases and determine the parameter region where certain bifurcations can be observed. It was stressed in the introduction that the purpose of our paper is an in-depth investigation of some cases of border-collision bifurcations, which occur in (1) for τ B < −1. Therefore, we restrict our attention to this part of parameter space only, and we consider border-collision bifurcation scenarios which occur upon increasing µ through 0 (see figure 1) .
Suppose that for µ < 0 there exists a fixed point a/A of L and for µ > 0 a fixed point b of R (it follows from (10) that the stable fixed point B is not possible). Thus, condition (11) must be satisfied and condition (12) must yield the opposite sign. From Feigin's conditions we can immediately infer that period-2 points are involved in the border-collision scenario unless the fixed point a is of a flip saddle type.
Thus, additional conditions on the existence and stability of period-2 points lead to different border-collision scenarios involving these higher-periodic points.
For example, let us suppose that the A → b transition takes place. In addition to (11), we have conditions on the eigenvalues of map (1) . The conditions on the eigenvalues corresponding to A yield
For the sake of our example we can consider the case where τ A 0. Then, from (11), and since τ B < −1, it follows that for a period-2 point to exist we require µ > 0 (see equations (17) and (18)). Thus, a period-2 point is born in this bifurcation scenario. We can further determine the stability of the period-2 point by considering the eigenvalues of the matrix product MN (or NM). It is straightforward to show that the eigenvalues of this matrix product are 0 and τ A τ B − δ A . Obviously, the period-2 point can be either stable or unstable, depending on whether the quantity |τ A τ B − δ A | lies within or outside the unit circle. In figure 1 we present a partition of the δ A , τ A parameter space into regions where under the variation of µ through 0 different border-collision bifurcations are observed. The bifurcation described above refers to the region labelled '2' in figure 1. To arrive at figure 1 the crucial point is to determine the boundaries, denoted in the figure by B I to B VI , which separate regions where qualitatively different border-collisions occur under the variation of µ.
• B I : δ A = Figure 1 . Partition of the parameter space τ A , δ A into regions characterized by different bordercollision bifurcation scenarios as µ increases for τ B < −1. The behaviour of the simple period-1 and -2 points is given in the table. 'Flip saddle' refers to a saddle type fixed point with one eigenvalue less than −1. The six borderlines indicated by B I to B VI are described in the text.
• B V : τ A = 0 for δ A > 0-determines whether period-2 points are born in the bifurcations or destroyed (e.g. compare labels for regions '1' and '2' in figure 1), • B VI : τ A = 2 for δ A > 1-as with the boundary B IV .
The shaded region in the figure represents the part of the δ A , τ A parameter space where condition (11) is violated and thus we do not consider this region here. Different bordercollision scenarios presented in figure 1 can be inferred from the information on the existence and stability of period-1 and period-2 points which determine the boundaries B I and B VI .
Similarly we can determine different border-collisions for the other regions of the parameter space (for τ B > −1) by combining the conditions on the existence of fixed points and Feigin's conditions on the eigenvalues. However, we shall refer the reader to [19] , where different border-collision bifurcations of the map (1) in different regions of the (τ A , τ B , δ A ) parameter space are enumerated.
We shall now focus on the main part of this paper, in which we shall prove the existence of a chaotic attractor in the map (1) due to the border-collision bifurcation from an admissible fixed point attractor to an admissible flip saddle and reveal the intricate structure of the chaotic attractor. Figure 2 . Schematic representation of the fixed points of (1) before (a) and after (b) the bordercollision bifurcation from an admissible stable fixed point to an admissible saddle. Lines with arrows schematically depict eigendirections of both fixed points.
Onset of chaos

Border-collision from stable fixed point to flip saddle
Therefore, let us consider a border-collision from a stable admissible fixed point A, characterized by real eigenvalues, to an admissible saddle. Such a border-collision scenario can occur in the parameter regions labelled as '1' and '2' in figure 1.
The conditions for the existence of a stable admissible fixed point at the bifurcation parameter µ < 0 and a transition to an admissible flip saddle existing for µ > 0 due to the border-collision bifurcations are the following: (11)), τ B < −1 (equation (12)).
Under these conditions, and variation of the bifurcation parameter µ through the origin, we expect border-collision of the stable admissible fixed point to an admissible flip saddle with a period-2 point involved in the border-collision bifurcations. We denote by A the admissible stable fixed point of (1) existing for µ < 0 (see figure 2(a) ), which due to the border-collision becomes a virtual fixed pointĀ (see figure 2(b) ). Similarly, b is an admissible flip saddle of (1) existing for µ > 0 ( figure 2(b) ), which is a virtual flip for µ < 0 ( figure 2(a) ). Note that A andĀ can lie either above or below the x-axis, whereas b andb need to lie on the x-axis itself.
Consider the case µ < 0. To show that A is an attracting fixed point for both regions R L and R R , we consider some small ε-neighbourhood, near the origin of PWL map (1) . All the points of this neighbourhood which lie in region R L will be attracted to the stable fixed point A. Points from region R R after at most two iterations will be injected to region R L . This follows simply from the fact that in the first iteration any point in R R is mapped onto the x-axis. Assuming that the first iteration maps onto some point x, such that x > 0 and the virtual fixed pointb lies on the semiaxis x 0, obviously in the next iteration the point x must get mapped onto the x 0 semiaxis.
For µ = 0, A lying at the origin will be also attracting. The point x = 0 belonging to R L will attract some set of points in the ε-neighbourhood of the origin from the R L region. At the same time, due to the existence of the virtual saddle, some set of points in the neighbourhood of the origin lying in R R will be injected into an ε-neighbourhood of the origin of the R L region. Thus, A is a locally attracting fixed point of (6) for µ = 0. Figure 3 . An example of a limit set of (1) after the border-collision bifurcations from a stable fixed point to a flip saddle.
Let us now consider what happens to these fixed points for µ > 0 (see figure 2(b) ). The stable admissible fixed point A becomes the virtual fixed pointĀ of (1) and the unstable virtual saddleb will become the unstable admissible fixed point b. By continuity, also for µ > 0,Ā will attract some set of points which belong to R L , from the ε-neighbourhood of the origin. These points will be mapped onto R R but not intoĀ. The fixed point b of R R is unstable, and therefore these points as well as points lying in R R will not be attracted to b but will be mapped onto a segment of the x-axis. Moreover, since b is of a flip type, these points will be mapped onto the negative part of the x-axis after a finite number of iterations of (1). The immediate question arises as to whether we can have some other attractors, higher-periodic points, quasiperiodic behaviour or a chaotic orbit. We will base our discussion on geometrical considerations.
Case 1: two-piece invariant sets
Due to the fact that some points in the neighbourhood of the origin within R L are mapped into R R and all the points in R R are mapped onto the x-axis, a segment of the x-axis might form an -limit set for these points. figure 3 ).
Proposition 1. If the border-collision bifurcation from an admissible fixed point attractor to an admissible flip saddle is exhibited by map (1) under the variation of µ and the conditions
τ A < − 1 1 + τ B ,(20)τ A (τ B + 1) − δ A 1 + 1 τ B < 0,(21)τ A (τ B + 1) − δ A 1 + 1 τ B + 1 > 0 (22) are satisfied,
then there exists an attractor born in the border-collision bifurcation which must necessarily lie within PWL continuous invariant segment KLC such that
Proof. Let us focus on figure 3. As mentioned before for µ > 0 there exist a set of points in the neighbourhood of the origin of both regions R L , R R that is mapped onto the negative part of the x-axis. Let us denote this segment of the x-axis by KO (see figure 3 ) and consider what happens to this segment under forward iterations of (1). The origin, denoted by the letter O in the figure, is mapped onto the point L : [µ, 0], and by continuity the image of KO joins the x-axis at this point but as it cannot lie on the x-axis itself, it must exhibit a non-differentiable kink here. The image of KO is denoted as segment LC in figure 3 . If (20) holds, LC does not cross the y-axis. Suppose (20) holds: then we consider the image of LC under the action of (6) . The image of L is the point [(τ B + 1)µ, 0], denoted by K. Let us suppose that C is mapped onto x ∈ KL under the action of (6). This holds true when the inequality relations (21) and (22) are satisfied. In this case K is a preimage of C, and it follows that any attractor born in the border-collision bifurcations must necessarily lie within the PWL continuous invariant segment KLC, denoted by in figure 3 . We can define the size of by finding points K, L and C. figure 3) . Note that the existence of the attractor follows from the fact that KO attracts some points from the neighbourhood of the origin from both regions R L and R R , and from the additional condition on C that it is mapped into the segment KL. The latter condition is sufficient for the existence of an attractor within .
In the next subsection, we shall consider the situation when C is mapped outside KL. In the case under discussion though, we will further investigate when higher-periodic points or a chaotic attractor can be found living on . Let us distinguish between these cases.
We notice that the parameter regions where the bifurcation scenarios discussed, i.e. A → b, ab or A → b, AB, might take place are the regions labelled '1' and '2' in figure 1.
Because of the geometry of the set , one of the period-2 points must lie on KO and the other on LC and thus we observe switchings between R L and R R . The period-2 points can be either stable or unstable, depending on whether the quantity τ A τ B − δ A lies within the unit circle. Assuming it does, the attractor lies within , is stable and is the only attractor born in the bifurcation. The uniqueness of the attractor follows from the fact that any attractor born in the border-collision must lie on the set and there is no other possible attracting set born in the bifurcations.
A more intriguing scenario can be observed if the period-2 point is unstable, i.e. when τ A τ B − δ A lies outside the unit circle. In this case we do not have any stable periodic orbits within , but itself is attracting.
Proposition 2. If the border-collision bifurcation from an admissible fixed point attractor to an admissible flip saddle accompanied by the birth of unstable period-2 points is exhibited by map (1) and conditions (20)-(22) hold, then there is an attractor born in the border-collision bifurcation which is a four-, two-or one-piece chaotic attractor limiting on .
Proof. To prove proposition 2 we first show that there are no stable higher-periodic points within . We note that any periodic point must be composed of any finite string of L R iterations and any number of R iterations, where L denotes iteration of the map (equation (5)) governing the dynamics in the R L region, and correspondingly R denotes iteration of the map (equation (6)) governing the dynamics in the R R region. Since we assume that the period-2 point is unstable, any string of R L iterations cannot produce a stable periodic point nor can additional iterations R as both the eigenvalues of (6) are purely real and one of them is less than −1 (τ B < −1). Note that we cannot have a sequence containing L L as this would imply that the periodic point does not belong to . Therefore, we can conclude that there are no stable periodic points in and the only possible attractor is a chaotic attractor limiting on or on subsets of (quasiperiodic behaviour can be excluded as cannot form an invariant circle).
Depending on the quantities τ A , τ B and δ A , we can observe a border-collision bifurcation from a fixed point attractor to a four-, two-or one-piece chaotic attractor. The existence of four-, two-or one-piece chaotic attractors born in the border-collision bifurcations follows from the fact that if τ A τ B − δ A is less than −1 but close to it the chaotic attractor is organized around period-2 points. If the quantity τ A τ B − δ A lies further away from −1, then the chaotic attractor might fill greater parts of until the -limit set of the chaotic attractor is dense on .
Moreover, the chaotic attractor born in the bifurcation is robust, in the sense that 'there exists a neighbourhood of the parameter space with no periodic attractor and the chaotic attractor is unique in that neighbourhood' [21] . This can be shown in the following way.
The chaotic attractor limits on the set . This set depends continuously on the parameters τ A , τ B , δ A and µ. The possible ways in which the chaotic attractor is destroyed under the variation of any of these parameters are due to the destruction of the two-piece set or due to the stabilization of the period-2 point. scales linearly with the variation of µ, and the stability of a fixed or higher-periodic point of (1) is µ-invariant. Thus, the chaotic attractor cannot be destroyed due to a small variation of µ away from the border-collision bifurcation point.
Let us consider the effect of the variation of the remaining parameters on the set and on the unstable period-2 point. (It was proven earlier that even if there exist other unstable higher-periodic points living on , provided that the period-2 point is unstable, they are also unstable.) For the two-piece invariant set to change its structure, we require that the image of the point K cross the y-axis under the variation of some parameter. If the image of K is bounded away from the y-axis, which is ensured by conditions (20)- (22), this must still be true for sufficiently nearby parameter values since the dependence of the map on the parameters is smooth away from the y-axis. Let us now consider the stabilization of the period-2 point. If the eigenvalues describing the stability of the period-2 point lie away from the unit circle, which is our assumption for the sudden onset of chaos, continuous parameter variations, within a certain range, cannot stabilize the period-2 point.
The uniqueness of the chaotic attractor follows from the fact that any invariant set born in the border-collision bifurcation from an admissible fixed point attractor to an admissible flip saddle must limit on the set . Thus, the chaotic attractor is indeed robust.
Case 2: three-piece invariant sets
Let us now try to understand the case where the image of the point C (see figure 3) is not mapped onto KL but outside KL. This implies that we cannot have any stable higher-periodic points within formed as in figure 3 . KO might be regarded as expanding under forward iteration of (1). Then, there must be a situation where the image of KO crosses the y-axis. We will show here that this might lead to the possible existence of period-3 stable periodic points or to a birth of a chaotic attractor living on a higher number of PWL segments. Figure 4 . An example of a limit set of (1) after the border-collision bifurcation consisting of three PWL segments. figure 4) . This attractor is either a period-3 point or a six-, three-or one-piece chaotic attractor.
Proposition 3. If the border-collision bifurcation from an admissible fixed point attractor to an admissible flip saddle is exhibited by the normal form map (1) under the variation of µ and conditions
τ A > − 1 1 + τ B ,(23)τ 3 A (τ B + 1) + τ A + 1 − δ A 1 + 2 τ B > 0,(24)τ 3 A (τ B + 1) + τ 2 A (1 + τ B δ A ) − δ A τ A 1 + 1 τ B − δ A τ B + 1 > 0 (25) x b Ξ y µ > 0 A D E G Ο F H Ι K L R R L R KO C CD EF
hold, then there exists an attractor born in the border-collision bifurcation which must necessarily lie within the PWL continuous invariant set built from segments GEI and LH
Proof. To prove proposition 3 let us, therefore, consider a segment KO such that its image crosses the y-axis (see figure 4) , which implies that (23) must hold. The image of KO is denoted by LD in the figure. LD contains a segment denoted by CD, which requires additional iteration of (5) to get mapped into R R . Segment LC is mapped in one iteration onto the x-axis. By continuity the image of CD must join the image of LC. This is schematically shown in the figure, where the image of CD is denoted by EF joining the x-axis at the point E. Note that the point E must lie outside the segment KL but in the region R R and the maximum value of x at E is greater than the maximum value of x of the preimage of KO-this follows from our initial assumption that C is mapped outside KL.
From (23) it also follows that τ A > 0 and then if (24) holds in the forward iteration the PWL segment OEF is mapped within some segment, say GE (condition (24) ensures that the value of x of the image of F is less than that of x at E, see figure 4 ). Now we need to consider forward iterations of GO only (OE is mapped onto GO). The image of GO will cross the y-axis and is denoted in the figure by LH . Finally, the image of LH will form a PWL continuous segment KEI lying partly on the x-axis (the part KE), where at point E it is joined by segment EI (see figure 4) . Our main concern is to determine the image of EI . If condition (25) is satisfied, the image of EI lies within the segment GE and we obtain a bounded set, say , which must contain the -limit set. The set will be formed by three linear segments-GE, EI and LH .
Let us write the coordinates of points K, L, C, D, E, F , G, H and I which can be obtained from forward iterations of KO. Thus, we have
The possible -limit sets on are higher-periodic points or a chaotic attractor. As with the previous case, let us distinguish between these different scenarios. In particular, when can we expect a sudden onset of chaos due to the border-collision? Let us first consider stable higher-periodic points. The simplest scenario is a birth of stable period-2 points. In such a case, though, the set has the geometry as described in section 4.2. More intriguing is the case where the period-2 points born in the bifurcation are unstable. Then the new geometry as depicted in figure 4 will play a decisive role in determining possible attractors. In this case there is a possibility of the existence of a stable period-3 point whose periodic points lie on the segments GK, H D and I F . The period-3 point will be stable if the eigenvalues of the composed matrix MMN lie within the unit circle. If now these period-3 points are unstable, we cannot have any stable higher-periodic points on , but itself is attracting.
The non-existence of stable periodic points within can be shown in the following way. Any higher-periodic point must contain any sequence of R , L R or/and L L R . Since neither R , L R nor L L R iterations correspond to stable periodic points ( R reflects stability of b, L R of ab and L L R of aab periodic points), their composition cannot produce any stable periodic point (the eigenvalues of the matrices M and N are purely real). Note that we cannot have any periodic point living on containing L L L sequences as the maximum number of subsequent iterations of (1) in the region R L is two. This argument follows (as in the two-piece case) from the character of the set -any point which belongs to segment GO (see figure 4 ) in a maximum of two iterations is mapped into the region R R . Thus, any L L sequence must be followed by at least one R iteration. Moreover, since maps (5) and (6) are linear, there cannot exist any points of period-2 or higher which are confined only to R L or R R . Thus, we can observe a sudden jump to a one-, three-or six-piece chaotic attractor. The existence of such a type of chaotic attractor follows from the fact that if one of the eigenvalues of the mapping describing the period-3 point is close to −1, the -limit set is organized around the period-3 points. With the variation of some parameter (e.g. τ B ) the chaotic attractor might become dense on the entire set .
Using similar arguments to the one presented in the case of a two-piece invariant set, the chaotic attractor living on a three-piece invariant set is also robust.
Note that since (23) implies positive τ A , birth of the described three-piece invariant sets can be observed only in the parameter space '2' in figure 1.
N -piece invariant sets
In principle, we could also consider the possibility of the existence of a set formed by a higher number of PWL segments, four, five, etc. For example, if EI (see figure 4) is not mapped within GE (violation of (25)) or if the maximum value of x of the image of OEF is greater than at E (violation of (24)), then if there exists a bounded set it must necessarily contain a higher number of PWL segments than three. The analysis of such sets would be conducted in a similar manner.
In what follows, we will present examples of border-collisions to period-2 and period-3 periodic points, as well as to one-, two-, three-, four-and six-piece chaotic attractors, which will serve to illustrate and confirm our theoretical arguments.
Numerical examples
Two-piece case
Let us support our discussion by considering the map describing the grazing-sliding bifurcation scenario leading to the onset of chaos discussed in [15] . Thus, we write the matrices M and N as
We will vary the parameter τ B and show that for different values of this parameter we can observe a border-collision to a stable period-2 point and then to a four-, two-and finally onepiece chaotic attractor under the variation of the bifurcation parameter, µ. It will be shown that the structure of the invariant -limit set accords with our discussion in section 4.2. For the numerical values of τ A , δ A and τ B as above, we know that the period-2 point is born in the border-collision (we are in region '2' of figure 1). To see a transition to a stable period-2 point we need the eigenvalues of MN to be within the unit circle. In our case the eigenvalues of MN are λ 1 = 0, λ 2 = 0.854τ B − 0.009. Thus, let us choose τ B such that it satisfies |λ 2 | < 1 and τ B < −1. We can choose τ B = −1.1, which yields λ 2 = −0.9484. We can find period-2 points after substituting appropriate quantities into (15) 
It is easy to show that these points lie within the set as described in section 4. Let us now consider what happens to the -limit set under the variation of the parameter τ B such that the period-2 points born in the border-collision become unstable. Thus, we can choose τ B = −1.3, which yields τ A τ B −δ A = −1.1192. In this case for µ = 0.1 it can be easily shown that L = [0.1, 0], K = [−0.03, 0] and the image of C (which lies in R R ) belongs to KL. Thus, the structure and properties of remain unchanged but there are no stable periodic points within , only unstable ones. Thus, the only possible attractor is a chaotic attractor born in the border-collision bifurcations. This is confirmed by the numerical exploration (see figure 6(a) ). As the value of τ B is close to −1 the chaotic attractor is organized near the two periodic points (flipping on either side of each one, see figure 6(b) ). With a further decrease of the parameter τ B we expect that the limit set will cover a bigger part of . Thus, for τ B = −1.5 we observe a two-piece chaotic attractor (see figures 7(a) and (b)). Finally, if we decrease τ B even further we can observe a sudden jump to a one-piece chaotic attractor (see figures 8(a) and (b)). This explains the case of the dry-friction oscillator model studied in [13] , where a sudden jump to chaos was observed. The theory of sliding bifurcations, which explains this bifurcation, leads to PWL normal form (1) with numerical values of the matrices M and N as in (26) and τ B = −1.85. 
Three-piece case
To complete our discussion we shall construct an example of a map, which features a three-piece PWL continuous invariant set (see figure 4 ). It will be shown that due to the border-collision bifurcation scenario we can observe a transition from a period-1 point to a period-3 point, or to a six-, three-or one-piece chaotic attractor. As with the previous example we consider the PWL case such that M and N have the form
We will vary τ B starting from τ B = −3.5 and show different cases of border-collision bifurcation scenarios under variation of the bifurcation parameter, µ, all linked with the existence of the three-piece PWL continuous set (see figure 4) . It is straightforward to check that for τ B = −3.5 there exist a stable admissible fixed point and a virtual saddle of a flip type, which under the variation of µ, due to the bordercollision, become a virtual stable fixed point and an admissible flip saddle. Let us first determine the values of points K, L and C to I for, say, µ = 0.1 and check if they indeed satisfy the geometry presented in figure 4 . Then we will check for the possible existence of stable periodic points. . We can verify that indeed there exists a three-piece set . Moreover, it is easy to verify that the period-2 point born in the border-collision is unstable (eigenvalues of MN for τ B = −3.5 are 0 and −1.81). It follows from our discussion that the lowest possible stable periodic point is of period-3 iterated twice in R L and once in R R . Indeed we find that the eigenvalues of MMN lie within the unit circle. Thus, under the variation of the bifurcation parameter, µ, we should expect border-collision bifurcations from a fixed point to a period-3 attractor. A bifurcation diagram depicting a border-collision from a fixed point attractor to a stable period-3 point is shown in figure 9(a) . In figure 9 (b) the period-3 points obtained from numerical simulations of map (28) are shown to lie within the set on segments GK, H D and I F , exactly as predicted by our analysis. If we decrease τ B , the period-3 point will become unstable but the set will retain its properties. Thus we expect the birth of a chaotic attractor in the border-collision bifurcations for τ B less than −5.105 (the eigenvalues Note that as predicted they lie within , which is denoted in the figure by three black line segments. Small asterisks denote the points K, L and C to I forming the set . of MMN for τ B ≈ −5.105 are 0 and −1). Thus, for τ B = −5.25 we will observe a bordercollision bifurcation from a fixed point attractor to a six-piece chaotic attractor filling parts of the set as shown in figure 10 (a). The corresponding -limit set is depicted in figure 10(b) . The six-piece structure of the chaotic attractor comes as a result of the fact that for τ B = −5.25, one of the eigenvalues of MMN is close to −1 and the chaotic attractor is organized around the period-3 points. If we now decrease the value of τ B and plot corresponding bifurcation diagrams under the variation of µ, we will observe border-collisions to a three-piece chaotic attractor ( figure 11 ) and with further decrease of τ B to a one-piece chaotic attractor (figure 12).
In figure 11 (a) we present a bifurcation diagram for the variation of the bifurcation parameter, µ, with τ B = −5.5. In this case the border-collision bifurcation leads to the birth of a threepiece chaotic attractor. The limit set of the attractor is depicted in figure 11(b) . Thin black lines denote the set . Finally, for τ B = −6.5, a border-collision from a stable fixed point attractor to a one-piece chaotic attractor is observed. The bifurcation diagram and -limit set of the attractor are depicted in figures 12(a) and (b), respectively. Points K, L and C to I were calculated and are denoted by asterisks in figure 12 (b). They define the set which coincides with the chaotic attractor (obtained from numerical iteration of (28) for τ B = −6.5) as predicted by our discussion.
Conclusions
In this paper, we investigated border-collision bifurcations in PWL continuous non-invertible planar maps. Such mappings arise as normal forms when the grazing-sliding bifurcations occur in Filippov-type systems. How to obtain information on the simplest border-collision bifurcations in {τ A , τ B , δ A } parameter space was shown in the paper. This allowed us to locate a region in parameter space where border-collision bifurcations might lead to a sudden onset of chaos.
In the main part of the paper an intriguing mechanism leading to the sudden onset of chaos accompanying the transition from a fixed point attractor to a saddle type fixed point was revealed. The existence of the chaotic attractor born in the aforementioned border-collision bifurcation scenario was rigorously proven. The limiting set of such an attractor might be dense on a PWL continuous set built from two, three or a larger number of segments. Examples of PWL maps which would satisfy appropriate conditions for the sudden onset of chaos were given. Numerical investigations of these maps showed that the structure of the limiting sets of chaotic attractors conforms with our discussion.
